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In this paper, a new KKM theorem is established in L-convex spaces. As applications, a Ky
Fan matching theorem for compactly open covers, a Fan–Browder coincidence theorem,
a Fan–Browder fixed point theorem and a maximal element theorem are obtained in L-
convex spaces. These theorems unify, improve and generalize some recent results in the
references therein. Finally, the equilibrium existence theorems for abstract economies and
qualitative games in L-convex spaces are yielded.
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1. Introduction and preliminaries
In 1998, Ben-El-Mechaiekh et al. [1] introduced and studied the abstract convexity concept and the L-convexity structure
on topological spaces. A topological space with an L-convexity structure is said to be an L-convex space. L-convex spaces
include G-convex spaces, G–H-convex spaces, H-spaces, B′-simplicial convexity spaces, B-simplicial convexity spaces,
hyperconvex spaces and many topological spaces with various convexity structure as special cases. Recently, Ding [2–4]
studied the Himmelberg type fixed-point theorem, generalized L-KKM type theorems, the continuous selection theorem,
coincidence theorem, and generalized equilibrium in L-convex spaces.
In this paper, we first establish a KKM theorem in L-convex spaces. As applications, we obtain a Ky Fanmatching theorem
for compactly open covers, a Fan–Browder coincidence theorem, a Fan–Browder fixed point theoremand amaximal element
theorem in L-convex spaces. Our results unify, improve and generalize some recent results in the references therein. Finally,
we yield the equilibrium existence theorems for abstract economies and qualitative games in L-convex spaces.
For the sake of convenience, we first give some concepts, notations and terminologies.
Let X be a nonempty set. We denote by F (X) and 2X the family of all nonempty finite subsets of X and the family of all
subsets of X , respectively, by |A| the cardinality of A for each A ∈ F (X), and by∆n the standard n-dimensional simplex with
vertices e0, e1, . . . , en. Let D be a nonempty subset of a topological space X . We denote by clXD the closure of D in X and by
intXD the interior of D in X . Let X and Y be topological spaces. A set-valued mapping (in short, mapping) T : X → 2Y is said
to have the local intersection property if for each x ∈ X such that T (x) 6= ∅, there exists an open neighborhood N (x) of x
such that
⋂
z∈N (x) T (z) 6= ∅ (see [5]). We denote by C(X, Y ) the class of single-valued continuous maps of X into Y .
Following Ding [3], an L-convexity structure on a topological space X is given by a mapping Γ : F (X)→ 2X satisfying
the following condition: for each A ∈ F (X)with |A| = n+ 1, there exists a continuous mapping φA : ∆n → Γ (A) such that
B ∈ F (A) with |B| = J + 1, implies φA(∆J) ⊂ Γ (B), where ∆J denotes the face of ∆n corresponding B ∈ F (A). The pair
(X,Γ ) is then called an L-convex space. A set D ⊂ X is said to be L-convex if for each A ∈ F (D), Γ (A) ⊂ D. We denote by
L(X) the family of all nonempty L-convex subsets of X .
Following the proof of Theorem 4.1 of Tan and Zhang [6], let I be a finite or infinite index set, {(Xi,Γi)}i∈I be a family of
L-convex spaces and X := ∏i∈I Xi be equipped the product topology. Define Γ : F (X) → 2X by Γ (B) := ∏i∈I Γipii(B) for
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each B ∈ F (X). Then (X,Γ ) is an L-convex space. Where pii is the projection of X onto Xi. Let (X,Γ ) be an L-convex space,
{Di}i∈I be a family of L-convex subsets of X . Then⋂i∈I Di is empty or L-convex.
Let X be a nonempty set and (Y ,Γ ) be an L-convex space. A mapping G : X → 2Y is said to be a GLKKM mapping if for
each nonempty finite set {x1, . . . , xn} ∈ F (X) there exists {y1, . . . , yn} ∈ F (Y ) (not necessary all different) such that for
any nonempty subset {yi1 , . . . , yik} ⊂ {y1, . . . , yn}, we have
Γ ({yij : j = 1, . . . , k}) ⊂
k⋃
j=1
G(xij).
When (Y ,Γ ) is a hyperconvex space, H-space, G-convex space or G–H-convex space, the above definition was given by Kirk
et al. [7], Chang and Ma [8], Ding [9], Tan [10] and Verma [11], respectively.
The following result is a special case of Lemma 1.1 of Ding [12].
Lemma 1.1. Let X and Y be topological spaces and G : X → 2Y be a mapping with nonempty values. Then the following
conditions are equivalent:
(a) G has the local intersection property;
(b) for each y ∈ Y , there exists an open subset Oy of X (which may be empty) such that Oy ⊂ G−1(y) and X =⋃y∈Y Oy;
(c) there exists a mapping F : X → 2Y such that F(x) ⊂ G(x) for each x ∈ X and X =⋃y∈Y F−1(y);
(d) X =⋃y∈Y intXG−1(y);
(e) G−1 is transfer open valued.
2. Main results
Theorem 2.1. Let X be a nonempty subset, (Y ,Γ ) an L-convex space, G : X → 2Y \ {∅} a GLKKM mapping with compactly
closed values and there exists x0 ∈ X such that G(x0) is compact. Then⋂x∈X G(x) 6= ∅.
Proof. Since G is a GLKKMmapping with compactly closed values, by Theorem 2.1 of Ding [3], the family {G(x)}x∈X has the
finite intersection property. Note that G is compactly closed valued and G(x0) is compact. Then {G(x)⋂G(x0)}x∈X is a family
of closed subsets with the finite intersection property in G(x0). By the compactness of G(x0), we have⋂
x∈X
G(x) =
⋂
x∈X
(G(x) ∩ G(x0)) 6= ∅. 
Remark 2.1. Theorem 2.1 generalizes Theorem 4 of Khamsi [13], the KKM Theorem of Park [14] and Corollary 2.6 of Kirk
et al. [7] in the followingways: (a) fromY being ahyperconvex space toY being an L-convex space; (b) fromGbeing anMKKM
mapping to G being a GLKKM mapping; (c) from G being closed valued to G being compactly closed valued. Meanwhile,
Theorem 2.1 generalizes Theorem 1 of Chang and Ma [8] from Y being an H-space to Y being an L-convex space and from
G being an GHKKM mapping to G being a GLKKM mapping, generalizes Theorem 2.4 of Tan [10] from Y being a topological
vector space to Y being an L-convex space without linear structure and from G being an KKMmapping to G being a GLKKM
mapping, and generalizes Theorem 1.1 of Chowdhury [15] and Theorem 1.1 of Chowdhury et al. [16] in the following ways:
(A) from Y being a G-convex space to Y being an L-convex space; (B) from G being a G-KKM mapping to G being a GLKKM
mapping; (C) from G being closed valued to G being compactly closed valued.
Theorem 2.2. Let D be a nonempty subset of an L-convex space (X,Γ ), Y a topological space, A : D → 2Y \ {∅} a mapping
satisfying
(1) A is compactly open valued;
(2) there exists x0 ∈ D such that Y \ A(x0) is compact;
(3) A(D) = Y .
Then for each f ∈ C(X, Y ) there exist {x1, . . . , xn} ∈ F (D) and x¯ ∈ Γ ({x1, . . . , xn}) such that f (x¯) ∈⋂ni=1 A(xi).
Proof. Suppose the conclusion is false. Then there exists an f ∈ C(X, Y ) such that for each {x1, . . . , xn} ∈ F (D),
f (Γ ({x1, . . . , xn})) ⊂ Y \⋂ni=1 A(xi). Define a mapping F : D→ 2Y by F(x) := Y \ A(x) for each x ∈ D. Then
f (Γ ({x1, . . . , xn})) ⊂
n⋃
i=1
F(xi).
Hence,
Γ ({x1, . . . , xn}) ⊂
n⋃
i=1
(f −1F)(xi).
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Define G : D→ 2X by G(x) := (f −1F)(x) for each x ∈ D. Then
Γ ({x1, . . . , xn}) ⊂
n⋃
i=1
G(xi).
Therefore, G is a GLKKM mapping. Moreover, by (1) and the continuity of f , G is compactly closed valued. By (2) and the
continuity of f , there exists x0 ∈ D such that G(x0) is compact. Consequently, by virtue of Theorem 2.1, we have⋂
x∈D
(f −1F)(x) =
⋂
x∈D
G(x) 6= ∅.
Therefore,
∅ 6=
⋂
x∈D
F(x) = Y \
⋃
x∈D
A(x).
This means A(D) :=⋃x∈D A(x) 6= Y , a contradiction to the hypothesis (3). 
Remark 2.2. Theorem 2.2 generalizes Theorem 1 of Park [14] in the following ways: (a) from compact hyperconvex spaces
to noncompact L-convex spaces; (b) from A being open valued to A being compactly open valued. Meanwhile, Theorem 2.2
generalizes Theorem 1 of Park [17] from compact convex spaces with linear structure to noncompact L-convex spaces
without linear structure and generalizes Theorem 2 of Chang and Ma [8] from compact H-spaces to noncompact L-convex
spaces.
Theorem 2.3. Let D be a nonempty subset of an L-convex space (X,Γ ), Y a topological space and S : D→ 2Y \ {∅}, T : X → 2Y
two mappings satisfying
(1) S is compactly open valued;
(2) S(D) = Y ;
(3) there exists x0 ∈ D such that Y \ S(x0) is compact;
(4) for each x ∈ D, S(x) ⊂ T (x);
(5) for each y ∈ Y , T−1(y) = ∅ or ∈ L(X).
Then for each f ∈ C(X, Y ), there exists x¯ ∈ X such that f (x¯) ∈ T (x¯).
Proof. Since (1), (2) and (3), by Theorem 2.2, we have, for each f ∈ C(X, Y ) there exist {x1, . . . , xn} ∈ F (D) and
x¯ ∈ Γ ({x1, . . . , xn}) such that f (x¯) ∈ ⋂ni=1 S(xi). By (4), f (x¯) ∈ ⋂ni=1 T (xi), and hence xi ∈ T−1f (x¯) for all i ∈ {1, . . . , n}. By
(5), x¯ ∈ Γ ({x1, . . . , xn}) ⊂ T−1f (x¯), i.e., f (x¯) ∈ T (x¯). 
Remark 2.3. Theorem2.3 generalizes Theorem2of Park [14] in the followingways: (a) fromX being a compact hyperconvex
space to X being a noncompact L-convex space; (b) from S being open valued to S being compactly open valued. (c) from
T−1 being admissible valued to T−1 being empty or L-convex valued.
Theorem 2.4. Let (X,Γ ) be an L-convex space and T : X → 2X \ {∅} such that
(1) for each x ∈ X, T (x) ∈ L(X);
(2) there exists x0 ∈ X such that X \ T−1(x0) is compact;
(3) T satisfies one of the conditions (a)–(e) in Lemma 1.1.
Then T has a fixed point in X.
Proof. Replace (X,D, Y , T ) in Theorem 2.3 by (X, X, X, T−1) and define S : X → 2X by
S(x) := intXT−1(x)
for each x ∈ X . Then for each x ∈ X , S(x) ⊂ T−1(x) and S is open valued. Moreover, by (3), X = S(X). Without loss of
generality, we may assume that S(x) 6= ∅ for each x ∈ X . Since (1) and (2), for f = IX , by Theorem 2.3, there exists x¯ ∈ X
such that x¯ ∈ T−1(x¯), i.e., x¯ ∈ T (x¯). 
Remark 2.4. Theorem 2.4 generalizes Theorem 3 of Park [14], Theorem 3.1 of Kirk et al. [7], Theorem 3.6 of Yuan [18],
Corollary 2 and Corollary 3 of Chen and Shen [19] from X being a compact admissible subset of a hyperconvex space
to X being a noncompact L-convex space and from T being admissible valued to T being L-convex valued. Meanwhile,
Theorem 2.4 generalizes Theorem 3.6 of Yuan [18] from T−1 being open valued to T satisfying one of the conditions (a)–(e)
in Lemma 1.1, and generalizes Corollary 2.3 of Tarafdar [20] and Lemma 1 ofWu [21] from compact H-spaces to noncompact
L-convex spaces and from T being H-convex valued to T being L-convex valued.
As an immediate consequence of Theorem 2.4, we have the following existence theorem for maximal elements.
Theorem 2.5. Let (X,Γ ) be an L-convex space and T : X → 2X such that
(1) for each x ∈ X, T (x) = ∅ or ∈ L(X);
(2) there exists x0 ∈ X such that X \ T−1(x0) is compact;
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(3) T satisfies one of the conditions (a)–(e) in Lemma 1.1;
(4) for each x ∈ X, x 6∈ T (x).
Then exists xˆ ∈ X such that T (xˆ) = ∅.
Remark 2.5. Theorem 2.5 generalizes Theorem 3.4 of Kirk et al. [7] in the following ways: (a) from X being a compact
admissible subset of a hyperconvex space to X being a noncompact L-convex space; (b) from T being admissible valued to
T being empty or L-convex valued; (c) from T be transfer open inversed valued to T satisfying one of the conditions (a)–(e)
in Lemma 1.1.
3. Applications in game theory
In this section, we shall establish the equilibrium existence theorems for abstract economies and qualitative games
in L-convex spaces. Following Shen [22], let I be a set of agents (players). An abstract economy (generalized game) E :=
(Xi; Ai, Bi; Pi)i∈I is defined as a family of ordered quadruples (Xi; Ai, Bi; Pi), where for each i ∈ I , Xi is a nonempty topological
space (choice set or strategy set), Ai, Bi: X := ∏j∈I Xj → 2Xi are constraint mappings and Pi: X → 2Xi is a preference
mapping. An equilibrium for E is a point xˆ ∈ X such that for each i ∈ I , xˆi := pii(xˆ) ∈ clXiBi(xˆ) and (Ai ∩ Pi)(xˆ) = ∅.
A qualitative game G := (Xi, Pi)i∈I is a family of ordered pairs (Xi, Pi), where for each i ∈ I , Xi is a nonempty topological
space (strategy set) and Pi: X := ∏j∈I Xj → 2Xi is a preference mapping. A point xˆ ∈ X is said to be an equilibrium for the
qualitative game G if for each i ∈ I , Pi(xˆ) = ∅.
Theorem 3.1. Let X be an L-convex space, A, B : X → 2X be two constraint mappings, P : X → 2X be a preference mapping,
E := (X; A, B; P) be an abstract economy and F := {x ∈ X : (A ∩ P)(x) = ∅} such that
(1) for each x ∈ F , B(x) ∈ L(X);
(2) for each x ∈ X \ F , (A ∩ P)(x) ∈ L(X);
(3) (A ∩ P)|X\F and B|F satisfy one of the conditions (a)–(e) in Lemma 1.1;
(4) there exists x0 ∈ X, such that X \ ((A−1(x0) ∩ P−1(x0))⋃(F ∩ B−1(x0))) is compact;
(5) for each x ∈ X, x 6∈ (A ∩ P)(x).
Then, E has an equilibrium in X.
Proof. Define a mapping T : X → 2X by
T (x) :=
{
(A ∩ P)(x), if x ∈ X \ F;
B(x), if x ∈ F ,
for each x ∈ X . Then by (1) and (2), for each x ∈ X , T (x) ∈ L(X). By (3), T satisfies one of the conditions (a)–(e) in Lemma 1.1.
Note that for each y ∈ X ,
T−1(y) := {x ∈ X : y ∈ T (x)}
= {x ∈ X \ F : y ∈ A(x) ∩ P(x)}
⋃
{x ∈ F : y ∈ B(x)}
=
(
(X \ F)
⋂
(A−1(y) ∩ P−1(y))
)⋃
(F ∩ B−1(y))
= (A−1(y) ∩ P−1(y))
⋃
(F ∩ B−1(y)).
By (4), there exists x0 ∈ X such that Y \ T−1(x0) is compact. By Theorem 2.4, there exists xˆ ∈ X such that xˆ ∈ T (xˆ). But by
(5), xˆ 6∈ (A ∩ P)(xˆ). Thus, xˆ ∈ B(xˆ) ⊂ clXB(xˆ), meanwhile, xˆ ∈ F , and then (A ∩ P)(xˆ) = ∅. Therefore, xˆ is an equilibrium of
the abstract economy E in X . 
Theorem 3.2. Let I be a finite or infinite index set, for each i ∈ I , Xi be an L-convex space and Pi : X := ∏j∈I Xj → 2Xi be a
preference mapping. Suppose the qualitative game G := (Xi, Pi)i∈I such that
(1) for each i ∈ I and x ∈ X, pi−1i Pi(x) = ∅ or ∈ L(X);
(2) for each i ∈ I , pi−1i satisfies one of the conditions (a)–(e) in Lemma 1.1;
(3) there exists x0 ∈ X such that X \ (⋂i∈I P−1i pii(x0)) is compact;
(4) for each x ∈ X, there exists i ∈ I such that x 6∈ pi−1i Pi(x).
Then, G has an equilibrium in X.
Proof. Let I(x) := {i ∈ I : Pi(x) 6= ∅} for each x ∈ X and define a mapping P : X → 2X by
P(x) :=

⋂
i∈I(x)
pi−1i Pi(x), if I(x) 6= ∅;
∅, if I(x) = ∅
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for each x ∈ X . Then, P(x) = ∅ if and only if I(x) = ∅. By (1), for each x ∈ X , P(x) = ∅ or ∈ L(X). By (2), P satisfies one of
the conditions (a)–(e) in Lemma 1.1. By (3), there exists x0 ∈ X such that Y \ P−1(x0) is compact. By (4), x 6∈ P(x) for each
x ∈ X . Hence by Theorem 2.5, there exists an xˆ ∈ X such that P(xˆ) = ∅, which implies that I(xˆ) = ∅, which in turn implies
that Pi(xˆ) = ∅ for all i ∈ I . Therefore, xˆ is an equilibrium of the qualitative game G in X . 
Theorem 3.3. Let I be a finite or infinite index set, for each i ∈ I , Xi be an L-convex space and E := (Xi; Ai, Bi; Pi)i∈I be an abstract
economy, where for each i ∈ I , Ai, Bi : X := ∏j∈I Xj → 2Xi are constraint mappings and Pi : X → 2Xi is a preference mapping.
Let Fi := {x ∈ X : pii(x) 6∈ clXiBi(x)} for each i ∈ I such that
(1) for each i ∈ I and x ∈ X, pi−1i Ai(x) ∈ L(X) and pi−1i Pi(x) ∈ L(X);
(2) for each x ∈ X, there exists an i ∈ I such that x 6∈ pi−1i Ai(x);
(3) there exists x0 ∈ X such that X \⋂i∈I(A−1i pii(x0)⋂(Fi ∪ P−1i pii(x0))) is compact;
(4) for each i ∈ I , pi−1i satisfies one of the conditions (a)–(e) in Lemma 1.1;
(5) for each i ∈ I and x ∈ X, Ai(x) 6= ∅.
Then, E has an equilibrium in X.
Proof. For each i ∈ I , define a mapping Qi: X → 2Xi by
Qi(x) :=
{
(Ai ∩ Pi)(x), if x ∈ X \ Fi;
Ai(x), if x ∈ Fi
for each x ∈ X . Then by (1), for each i ∈ I and x ∈ X , pi−1i Qi(x) = ∅ or ∈ L(X). By (2), for each x ∈ X , there exists i ∈ I such
that x 6∈ pi−1i Qi(x). Note that for each xi ∈ Xi
Q−1i (xi) := {x ∈ X : xi ∈ Qi(x)}
= {x ∈ Fi : xi ∈ Ai(x)}
⋃
{x ∈ X \ Fi : xi ∈ (Ai ∩ Pi)(x)}
= (Fi ∩ A−1i (xi))
⋃
((X \ Fi)
⋂
(A−1i ∩ P−1i )(xi))
= A−1i (xi)
⋂
(Fi ∪ P−1i (xi)).
By (3), there exists x0 ∈ X such that X \ (⋂i∈I Q−1i pii(x0)) is compact. Hence, by (4) and Theorem 3.2, there exists xˆ ∈ X
such that Qi(xˆ) = ∅ for all i ∈ I . But by (5), for each i ∈ I , Ai(xˆ) 6= ∅, and then (Ai ∩ Pi)(xˆ) = ∅, which implies that
xˆ ∈ X \ Fi = {x ∈ X : pii(x) ∈ clXiBi(x)}, and hence xˆi := pii(xˆ) ∈ clXiBi(xˆ). Therefore, xˆ is an equilibrium of the abstract
economy E in X . 
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